Abstract. Let F be a p-adic field, W F its absolute Weil group, and let k be an algebraically closed field of prime characteristic ℓ different from p. Attached to any ℓ-adic representation of W F are local epsilon-and L-factors. There are natural notions of families of ℓ-adic representations of W F , such as the theory of Galois deformations or, more generally, families over arbitrary Noetherian W (k)-algebras. However, the epsilon and L-factors do not interpolate well in such families. In this paper it is shown that the gamma factor, which is the product of the epsilon factor with a ratio of L-factors, interpolates over such families.
1. Introduction 1.1. Motivation. Let F be a p-adic field whose residue field has order q, let G F be its absolute Galois group with respect to some fixed algebraic closure, and let W F ⊂ G F be its Weil group. For any prime ℓ = p, and any ℓ-adic representation ρ of W F there is attached a rational function L(ρ, X) := det I − Fr X ρ IF −1 , where ρ IF denotes the inertial invariants and Fr is a geometric Frobenius element. In [Del73, Théorème 4.1], Deligne uses global methods to prove the existence of a local constant ǫ(ρ, ψ, dx) compatible with induction. One can also form the gamma factor, γ(ρ, X, ψ) := ǫ(ρ, ψ, dx)X a(ρ)
where a(ρ) is the Artin conductor. The gamma factors of certain twists uniquely determine ρ up to semisimplification (e.g. [Hen93, JL16] ). The deformation theory of Galois representations provides a natural notion of families of Galois representations, which are representable by spectra of complete local Noetherian W (k)-algebras where k is an algebraically closed field of characteristic ℓ. In section 2, we build on recent work of the first author ( [Hel] ) in developing a well-behaved notion of "families of continuous representations of W F " over arbitrary Noetherian W (k)-algebras.
However, ǫ(ρ, ψ, dx) and L(ρ, X) are not compatible with reduction mod-ℓ, and so do not interpolate well in such families. Our main result is showing that γ(ρ, X, ψ) interpolates over such families.
of the ring of rational functions to the setting where R is not necessarily a domain. The interpolated gamma factor forms an element of this ring: Theorem 1.1. To any tuple (R, ρ, ψ), where R is a Noetherian W (k)-algebra, ρ is an ℓ-adically continuous representation ρ : W F → GL n (R) in the sense of Section 2 below, and ψ : F → W (k)
× is a locally constant character, we may associate an element γ R (ρ, X, ψ) ∈ S −1 (R[X, X −1 ]) such that the following properties are satisfied:
(1) Let R ′ be a Noetherian W (k)-algebra and let f : R → R ′ be a morphism. Then, extending f to a homomorphism f :
(2) Suppose in addition that R is the fraction field of a complete local domain of characteristic zero with residue field k and ρ is an ℓ-adic representation over R (see Definition 4.3). Then γ R (ρ, X, ψ) is equal to the classical DeligneLanglands gamma factor γ(ρ, X, ψ) of Equation 4.6. The association (R, ρ, ψ) → γ R (ρ, X, ψ) is uniquely determined by the above properties, and additionally satisfies:
(3) Given an exact sequence 0 → ρ ′ → ρ → ρ ′′ → 0, we have γ R (ρ, X, ψ) = γ R (ρ ′ , X, ψ)γ R (ρ ′′ , X, ψ). (4) If E/F is a finite separable extension and r E is a virtual smooth representation of W E with virtual degree zero, then γ R (Ind E/F r E , X, ψ) = γ R (r E , ψ • tr E/F ).
1.3. Relationship to previous work. This result is the natural analogue, on the Galois side of the local Langlands correspondence, of prior work of the second author on interpolating gamma factors over families of admissible representations of GL n (F ). There is the standard gamma factor for pairs of such representations [JPSS83] , and a notion of families of such representations over arbitrary Noetherian W (k)-algebras, namely the "co-Whittaker families" of [Hel16] . The second author's thesis [Mos16b, Mos16a] shows that the gamma factors of [JPSS79, JPSS83] interpolate nicely across such families (whereas the L-and ǫ-factors do not) and satisfy a converse theorem in families. The local Langlands correspondence is the unique sequence {π n } of canonical bijections from the set of n-dimensional Frobenius-semisimple Weil-Deligne representations of W F to the set of irreducible admissible smooth representations of GL n (F ) (up to isomorphism). The correspondences π n are canonical in the sense
, where the right-hand side is the standard gamma factor of [JPSS83] , and ρ and ρ ′ have dimensions n and m respectively.
It is expected that the local Langlands correspondence is compatible with variation in families. This idea is due to Emerton and the first author in [EH12] . Conjecture 1.3.1 of [EH12] associates a co-Whittaker module to any family of Galois representations in a way that interpolates the local Langlands correspondence across the family. Therefore, the good interpolation properties of the gamma factor for admissible representations established in [Mos16b, Mos16a] should have analogues on the Galois side of the local Langlands correspondence. Our main result, Theorem 1.1, confirms this expectation.
The question of interpolating the local constant ǫ(ρ, ψ, dx) has been addressed in [Del73] , [Yas09] , and [Č15] . Deligne introduces in [Del73] the modified epsilon constant ǫ 0 (ρ, ψ, dx) = ǫ(ρ, ψ, dx) det − Fr ρ IF and shows that it is compatible with reduction mod ℓ, thus interpolating it to discrete valuation rings of residue characteristic = p. By following Laumon in the positive characteristic setting, Yasuda constructs ǫ 0 (ρ, ψ, dx) using the geometric Fourier-Deligne transform, extending ǫ 0 (ρ, ψ, dx) to the setting of Noetherian local rings with residue field k such that (R × ) p = R × . In [Č15] ,Česnavičius uses formal commutative algebra to interpolate
Like ǫ 0 , the gamma factor is compatible with specialization, but is arguably a richer object than ǫ 0 . Indeed, γ(ρ, X, ψ) is a formal power series (rather than a constant) that encodes additional information about the Frobenius eigenvalues. Converse theorems (e.g. [Hen93, JL16] ) imply that collections of Deligne-Langlands gamma factors of twists uniqely determine ρ up to semisimplification. Nonetheless, there is little mention of the Deligne-Langlands gamma factor in the literature (however, an interesting interpolation property of a ratio of adjoint gamma values has been observed in [GR10] ).
1.4. Applications. By [Hel16, Thm 7.9], to prove the local Langlands correspondence in families it suffices to construct a map from the integral Bernstein center (which serves as the base of a "universal co-Whittaker family") to the universal base ring R ν of ℓ-adic W F -representations (see Theorem 2.5) that is "compatible with local Langlands," in a certain sense. Since the initial version of this note was written, the authors have found a proof that such a map exists, thereby proving Conjecture 1.3.1 of [EH12] . The proof appears in a pair of recent preprints, [HM] and [Hel] . Theorem 1.1 of the present paper plays a key role in the proof.
For the sake of motivation, if we take for granted the local Langlands correspondence in families (as stated in [HM] ) we can describe two properties our gamma factors are expected to satisfy. First, the converse theorem [Mos16a, Thm 1.1] would imply that, when R is reduced, finite-type, and flat (e.g. R ν ), the collection of γ R (ρ ⊗ ρ ′ , X, ψ), for suitable twists ρ ′ , determines ρ up to semisimplification. Second, let m be a maximal ideal of R ν . There would be a map of W (k)-modules, call it θ ν,n : R ν → W (k), which is the analogue of the map θ e,n in [HM, §3] . Then Corollary 6.5 of [HM] would imply that the images in id ⊗ θ ν,n of the coefficients of γ(ρ ν ⊗ ρ ′ , X, ψ), for various ρ ′ , provides a set of topological generators for the subring R ,inv ρ ν m of frame invariant elements of the framed deformation ring R ρ ν m . 1.5. Outline. Section 2 extends the notion of ℓ-adically continuous representations of W F to arbitrary Noetherian W (k)-algebras, relying on results in [Hel] .
Section 3 develops the Swan conductor in the general setting of Section 2 by interpolating a construction of Katz. Section 4 gathers relevant aspects of the classical theory of Dwork-LanglandsDeligne local constants in the setting of fields.
Section 5 extends the results of [Yas09] on ǫ 0 , reducing the problem of interpolating γ(ρ, X, ψ) to the problem of interpolating a ratio of L-functions.
Section 6 approaches the ratio of L-functions in the tamely ramified setting using new and quite explicit techniques, c.f. Theorem 6.1.
Section 7 combines Theorem 6.1 and Proposition 5.2 to deduce Theorem 1.1. 
Families over arbitrary Noetherian base rings
Recall that a W (k)-algebra R is said to be ℓ-adically separated if the intersection of the ideals ℓ i R is equal to the zero ideal. We will denote by K i the kernel of the map GL n (R) → GL n (R/ℓ i R).
Definition 2.1.
(1) Let R be an ℓ-adically separated Noetherian W (k)-algebra, and let ρ : W F → GL n (R) be a homomorphism. We say ρ is ℓ-adically continuous if, for all i, the preimage of the subgroup
(2) More generally, if R is an arbitrary Noetherian W (k)-algebra, we say ρ is ℓ-adically continuous if there is an affine open cover
(Colloquially: it arises, Zariski-locally, by base-change from objects in Definition 2.1(1)).
Lemma 2.2. Let R be a Noetherian W (k)-algebra and ρ : W F → GL n (R) an ℓ-adically continuous representation, and let I F be the inertia subgroup. If H is a closed subgroup of I F of pro-order prime to ℓ, then ρ(H) is finite.
Proof. It suffices to prove this when R is ℓ-adically separated. Let H ′ be the intersection of H with the kernel of the composition W F → GL n (R) → GL n (R/ℓR). For each i, the image of
Corollary 2.3. Let R be a Noetherian W (k)-algebra and ρ : W F → GL n (R) an ℓ-adically continuous representation. Let H be a closed subgroup of I F of pro-order prime to ℓ. Then there is a direct sum decomposition:
where τ runs over the irreducible k-representations of H, and for each τ , the restriction of ρ τ to H is isomorphic toτ ⊗ W (k) M τ , whereτ is the unique lift of τ to W (k) and M τ is a locally free R-module.
Proof. By the previous lemma there is an H ′ open normal in H such that ρ is trivial on H ′ . Set ρ τ = 0 if τ is not trivial on H ′ , and ρ τ = e τ ρ otherwise, where e τ is the idempotent of W (k)[H/H ′ ] corresponding to τ . Sinceτ is a projective W (k)[H]-module that generates the block corresponding to e τ , the natural map:
Sinceτ is free as a W (k)-module it follows that M τ is a direct summand of ρ, which is a free R-module of finite rank, and is therefore projective and hence locally free.
Let I (ℓ)
F denote the prime-to-ℓ part of I F , that is, the kernel of any, and hence every, surjective homomorphism I F → Z ℓ . Note that Corollary 2.3 implies that if R has connected spectrum, and ρ : W F → GL n (R) is ℓ-adically continuous then the restriction of ρ to a closed subgroup H of prime-to-ℓ inertia is constant, that is, arises by base change from W (k). It also implies ρ| H = ρ ss | H , where ρ ss denotes the semisimplification of ρ.
Let ν be an n-dimensional k-representation of I (ℓ)
F that extends to W F . Then ν has a unique liftν to W (k). We will say that an ℓ-adically continuous representation ρ : W F → GL n (R) has type ν if, Zariski locally on Spec R, the restriction of ρ to I (ℓ)
Definition 2.4. If ρ is an ℓ-adically continuous representation of W F over R, a pseudo-framing of R is a choice of R-basis for M τ , for each τ .
Since the M τ are in general only locally free over R, an arbitrary ℓ-adically continuous representation ρ of W F over R will only admit a pseudo-framing Zariski locally on R. The space of pseudo-framings of ρ is a torsor for an algebraic group G ν , which is a product of groups GL nτ , where n τ is the rank of M τ .
Theorem 2.5 ([Hel], §9).
There exists a reduced, finite type, ℓ-torsion free, ℓ-adically separated Noetherian W (k)-algebra R ν , and an ℓ-adically continuous representation ρ ν : W F → GL n (R ν ), with a canonical pseudo-framing, such that if R is any Noetherian W (k)-algebra, and ρ : W F → GL n (R) any ℓ-adically continuous representation having type ν and a pseudo-framing, there is a unique map R ν → R such that ρ is isomorphic to ρ ν ⊗ R ν R and the pseudo-framing on ρ is the one induced by base change from the pseudo-framing on ρ ν .
Moreover, if x : R ν → k is any map, and ρ x : W F → GL n (k) the corresponding representation, then the completion of R ν at the kernel of x, taken together with the base change of ρ ν to this completion, gives the universal pseudo-framed deformation of ρ x .
The universal property of R ν shows that the scheme Spec R ν admits an action of G ν by "change of pseudo-framing". One can form the quotient stack (Spec R ν )/G ν , which is a moduli stack parameterizing representations ρ of W F on locally free Rmodules that, Zariski locally on Spec R, are ℓ-adically continuous representations in the sense of Definition 2.1. We will not adopt this perspective here, however.
Corollary 2.6. If R is a Noetherian W (k)-algebra, and ρ : W F → GL n (R) is an ℓ-adically continuous representation, then, Zariski locally on Spec R, there exists a ν, and a map R ν → R of W (k)-algebras, such that ρ is isomorphic to the base change of ρ ν to R.
Corollary 2.7. Let R be a complete local Noetherian W (k)-algebra with residue field k, and maximal ideal m. Then ρ is ℓ-adically continuous in the sense of Definition 2.1 if and only if it is m-adically continuous.
Proof. Since R is ℓ-adically separated, and the ℓ-adic topology is coarser than the m-adic topology, the "only if" direction is immediate. For the other direction, let ρ denote the representation ρ ⊗ R k; since ρ is ℓ-adically continuous, it admits a type ν. Choose a pseudo-framing on ρ; this gives rise to a map R ν → k, which has kernel a maximal ideal p, such that ρ is isomorphic to ρ ν ⊗ R ν k.
Lift the pseudo-framing on ρ to a pseudo-framing on ρ. Then we can regard ρ as a pseudo-framed deformation of ρ. On the other hand, the completion of R ν at p is the universal pseudo-framed deformation of ρ. Thus there is a map:
such that ρ arises by base change from R ν via the composition:
In particular, ρ is ℓ-adically continuous.
the Swan conductor
In the case of a smooth representation over any field of characteristic different from p, the Swan conductor is given by an explicit formula in terms of the lower numbering filtration on I F ([Del73, 4.5], [Ulm16, §4] 
with finitely many nonzero summands. Moreover the functor ρ → ρ v is exact and commutes with any base change R → R ′ . When R is local, each ρ v is projective over R, hence free, and we define Definition 3.1.
(1) Let R be a Noetherian local W (k)-algebra and let ρ : W F → R be an ℓ-adically continuous representation with break decomposition v∈Q ≥0 ρ v . Define the Swan conductor
(2) Let R be an arbitrary Noetherian W (k)-algebra with connected spectrum, let ρ be an ℓ-adically continuous representation, and let
be the decomposition from Corollary 2.3 in terms of irreducible k-representations τ of P F , and let n τ be the rank of the locally free R-module M τ . Define the
In both cases we observe that the Swan conductor depends only on the restriction to P F (the v = 0 term vanishes in the first definition).
Proposition 3.2.
(1) If R is a Noetherian local W (k)-algebra, then Definitions 3.1(1) and 3.1(2) give nonnegative integer values and are equivalent.
(2) Let R be a Noetherian W (k)-algebra with connected spectrum. Then Sw R (ρ x ) is constant as x varies over Spec(R).
Proof. 
is an integer. When R is local, Sw R from Definition 3.1(1) is compatible with specialization and additive in direct sums, so we have proved (1). If Spec(R) is connected, restriction of ρ to P F is constant, proving (2). If Spec(R) is not connected, we define the Swan conductor as a tuple of integers, consisting of the conductors of the projections of ρ onto each connected component. Except for Theorem 2.5 and Corollary 2.7, the preceding discussion works verbatim with W (k) replaced by Z ℓ (though we will not use this).
Dwork-Langlands-Deligne gamma factors
Given any Z[ 1 p ]-algebra R, we fix a Haar measure dx on F valued in R such that OF dx = 1 ([Del73, 6.1]). For a topological ring R, a representation r : W F → GL n (R) is smooth if it is continuous with respect to the discrete topology on R. Let R be a commutative local ring in which p is invertible, χ a smooth character F × → R × , and ψ : F → W (k) × a smooth additive character. Denote by n(ψ) the smallest integer m such that ψ| ̟ m OF is trivial. If c is any element of F with valuation n(ψ) + Sw(χ) + 1, we define (4.1) ǫ(χ, ψ) = 1 if χ is unramified and n(ψ) = 0
Theorem 4.1 ([Del73], Théorème 4.1). Let κ be a field of characteristic zero, let r : W F → GL n (κ) be a smooth representation, let ψ : W F → κ × be a smooth character. There is a unique element ǫ(r, ψ) in κ × , depending only the isomorphism class of r, satisfying the following conditions:
(1) For any exact sequence 0 → r ′ → r → r ′′ → 0, we have ǫ(r, ψ) = ǫ(r ′ , ψ)ǫ(r ′′ , ψ). (2) If E/F is a finite separable extension, and r E is a virtual representation of W E with virtual degree zero, then ǫ(Ind E/F r E , ψ) = ǫ(r E , ψ • tr E/F ).
(3) If dim r = 1 then ǫ(r, ψ) coincides with Equation (4.1).
The Artin conductor a(r) is defined in [Del73, 4.5] (or [Ulm16] ). The monomial ǫ(r, X, ψ) is defined by twisting r by the unramified character Fr → X :
(1) ǫ 0 (r, ψ) is invariant under extension of the field κ.
(2) For any exact sequence 0 → r ′ → r → r ′′ → 0, we have ǫ 0 (r, ψ) = ǫ 0 (r ′ , ψ)ǫ 0 (r ′′ , ψ). (3) If E/F is a finite separable extension, and r E is a virtual representation of W E with virtual degree zero, then ǫ 0 (Ind E/F r E , ψ) = ǫ 0 (r E , ψ • tr E/F ). We define the L-factor and gamma factor as L(r, X) := det 1 − Fr X r
where r ∨ denotes the contragredient. We extend these definitions to the setting of Weil-Deligne representations, or equivalently, ℓ-adic representations. First recall the necessary definitions.
If κ is a field of characteristic different from p, a Weil-Deligne representation is a pair (r, N ) consisting of a smooth representation r : W F → GL n (κ) and a nilpotent endomorphism N of r such that wN w −1 = |w|N where | · | denotes the power of Fr occurring in w. The Frobenius-semisimplification of a Weil-Deligne representation (r, N ) is the representation (r ss , N ) where r ss (w) denotes the semisimple part of r(w). The dual Weil-Deligne representation is (r ∨ , N ∨ ) where
Definition 4.3. Suppose R is the fraction field of a complete local Noetherian domain R 0 of characteristic zero with residue field k and maximal ideal m. We say ρ : W F → GL n (R) is an ℓ-adic representation over R to mean it is isomorphic to ρ 0 ⊗ R0 R for some ρ 0 : W F → GL n (R 0 ) that is continuous with respect to the m-adic topology on R 0 (hence ρ is ℓ-adically continuous in the sense of Definition 2.1).
There is an equivalence (in fact an isomorphism) of categories between ℓ-adic representations over R and Weil-Deligne representations over R [EH12, 4. 
Lemma 4.4. Let (r, N ) be a Frobenius semisimple Weil-Deligne representation. Then (1) Given a Weil-Deligne representation (r, N ), γ((r, N ), X, ψ) = γ(r, X, ψ).
(3) Let ρ be an ℓ-adic representation of W F , let ρ ss be its semisimplification, let (r, N ) be its associated Weil-Deligne representation, and let (r ss , N ) be the Frobenius-semisimplification of (r, N ). Then γ(ρ, X, ψ) = γ(ρ ss , X, ψ) = γ(r ss , X, ψ).
Proof. Each of the constants L, ǫ, and γ remains the same if we replace (r, N ) by its Frobenius semisimplification, so Lemma 4.4 proves the first claim. The second claim follows immediately from the first, and the third follows from the second.
Let ρ be an ℓ-adic representation over κ. From ǫ(ρ, ψ) we define a monomial ǫ(ρ, X, ψ) ∈ κ[X, X
−1 ] by twisting by the κ[X, X −1 ] × -valued unramified character Fr → X, and similarly for ǫ 0 :
It follows that ǫ(ρ, X, ψ) = ǫ 0 (ρ, X, ψ) det − Fr X ρ I −1 and hence
.
In this section we extend a theorem of Yasuda to the setting of Section 2.
Theorem 5.1 ( [Yas09] ). For R a complete Noetherian local ring with residue field k, let ρ : W F → GL n (R) be a continuous representation, and let ψ : F → R × be a smooth character. Then there exists an element ǫ 0 (ρ, ψ) in R × , depending only on the isomorphism class of ρ, satisfying:
(1) If f : R → R ′ is a local ring homomorphism, then
If R is a field, ǫ 0 (ρ, ψ) equals the modified epsilon factor of Theorem 4.2. Moreover, the map (R, ρ, ψ) → ǫ 0 (ρ, ψ) is uniquely determined by the above properties.
In this setting we define the monomial ǫ 0 (ρ, X, ψ) as in Equation 4.8.
Proposition 5.2. Let R be a Noetherian W (k)-algebra and let ρ : W F → GL n (R) be an ℓ-adically continuous representation of W F . Then there exists an element ǫ 0 (ρ, ψ) ∈ R × , depending only on the isomorphism class of ρ such that:
If R is a field, then ǫ 0 (ρ, ψ) equals the modified epsilon factor of Theorem 4.2. Moreover, the map (R, ρ, ψ) → ǫ 0 (ρ, ψ) is uniquely determined by the above properties.
Proof. We first prove this in the case R = R ν , ρ = ρ ν for some ν as in Section 2. In particular R is reduced and ℓ-torsion free.
Let R ′ be the total quotient ring of R; then R ′ is a product of fields of characteristic zero, so we may construct an element ǫ 0 (ρ ⊗ R R ′ , ψ). On the other hand if x is any point of Spec(R) andR x denotes the completion of the local ring R x at x then we have ǫ 0 (ρ ⊗ RRx , ψ) from Theorem 5.1.
IfR We first show that ǫ x lies in the localization R x . Since there exists some nonzerodivisor b of R such that bǫ lies in R, the product bǫ x must lie in the subset R x of R x . We must show that bǫ x lies in bR x . Completing the exact sequence
shows that the completion of the local ring R x /bR x at x isR x /bR x , and there is an injection R x /bR x →R x /bR x . This shows that an element of bR x that is in R x lies in bR x . Therefore bǫ x lies in bR x and, since b is a nonzerodivisor, it must be that ǫ x lies in R x .
Thus we can view ǫ and ǫ x as functions defined on open subsets of Spec(R). Let U be an open subset on which ǫ is defined. Since ǫ maps to each ǫ x in the total quotient ring R ′ x , there is a neighborhood U x of x such that ǫ x is defined on U x and such that the restriction of ǫ to U ∩ U x agrees with ǫ x . By gluing, we see that ǫ extends to Spec(R) and therefore defines an element of R. If ǫ and each ǫ x were units in R ′ andR x , the same argument shows that ǫ −1 ∈ R. Now assume R and ρ are arbitrary satisfying the hypotheses of the proposition. Then, since R is Noetherian, Spec(R) has finitely many connected components, and we easily reduce to the case where Spec(R) is connected. Then ρ has a type ν. There is thus an affine open cover U j = Spec R j of Spec R, and for each j, a map f j from R ν to R j such that the representation ρ j given by ρ ⊗ R R j arises by base change from R ν . We then set:
We must show that for any j, j ′ the restrictions to U j ∩ U j ′ of ǫ 0 (ρ j , ψ) and ǫ 0 (ρ j ′ , ψ) agree. Certainly the restrictions of ρ j and ρ j ′ to U j ∩ U j ′ agree, but the maps f j and f j ′ are induced by choices of pseudo-framings of ρ j and ρ j ′ and neither these choices nor the corresponding maps need agree on the overlap. However, if we set U j ∩ U j ′ = Spec R jj ′ , there is an element g of G ν (R jj ′ ) that carries the pseudo-framing of ρ j to that of ρ j ′ . Since G ν is a product of groups of the form GL nτ we may regard g as a collection of matrices with entries in R jj ′ .
If the entries of g were in the image of the map f j : R ν → R jj ′ , we could lift g to an elementg of G ν (R ν ), and we would have f j ′ = f j •g. Since ρ ν is invariant underg, so is ǫ 0 (ρ ν , ψ), and thus
Of course, in general there is no reason to expect that we can lift g to an element of G ν (R ν ). LetR ν be the ring R ν [X 1 , . . . , X r ], where there is one indeterminate X r for each entry of g. We have a mapf j :R ν → R jj ′ that agrees with f j on R ν and sends each X i to the corresponding entry of g. It is then clear that we can lift g to an elementg ofR ν . Letρ ν be the base change of ρ ν toR ν under the natural inclusion h j of R ν intõ R ν . Acting byg on the pseudo-framing ofρ ν gives a new map h j ′ : R ν →R ν . We have f j ′ =f j • h j ′ , and f j =f j • h j . It thus suffices to show that h j (ǫ 0 (ρ ν , ψ)) = h j ′ (ǫ 0 (ρ ν , ψ)).
Let x be a map fromR ν to an algebraically closed field K of characteristic zero. Then the base changes of ρ ν along x•h j and x•h j ′ are isomorphic as representations; their pseudo-framings differ by the element x(g) of G ν (K). Thus we have:
SinceR ν is reduced and ℓ-torsion free we have
as claimed. Therefore the elements f j (ǫ 0 (ρ ν , ψ)) glue to form an element ǫ 0 (ρ, ψ) of R.
It is clear that with this definition the association (R, ρ, ψ) → ǫ 0 (ρ, ψ) has the claimed properties. For uniqueness, note that since R ν is reduced and ℓ-torsion free, characteristic zero points of Spec(R ν ) are dense in Spec(R ν ). Thus the listed properties uniquely determine ǫ 0 (ρ ν , ψ). Since any ρ arises Zariski locally by base change from this case, we have uniquely determined ǫ 0 (ρ, ψ) for an arbitrary ρ as well.
Thus, for any Noetherian W (k)-algebra with connected spectrum (or for R ν ) we can define the monomial ǫ 0 (ρ, X, ψ) as in Equation 4.8, using the interpolated Swan conductor Sw R .
Remark 5.3. The argument used to construct ǫ 0 (ρ, ψ) is slightly ad-hoc. The reader who is acquainted with stacks might prefer the following more abstract argument (which is essentially equivalent to the above): the element ǫ 0 (ρ ν , ψ) is G ν -invariant (as can be checked on characteristic zero points), and so descends to a function on the quotient stack (Spec R ν )/G ν . As explained earlier, this quotient stack is a moduli stack for ℓ-adically continuous representations of W F of type ν on locally free R-modules. Thus for an arbitrary R, an ℓ-adically continuous ρ gives rise to a unique map from Spec R to (Spec R ν )/G ν , and ǫ 0 (ρ, ψ) is simply the pullback of ǫ 0 (ρ ν , ψ) along this map.
Interpolating the ratio of L-functions
An easy calculation shows that
The ratio
divides γ(ρ, X, ψ), and is defined in terms of the space of inertial invariants, which does not interpolate. Our next result, Theorem 6.1, says that when ρ is tamely ramified semisimple this ratio admits an explicit description in terms of characteristic polynomials (denoted "Char" below) of operators generated by Fr and a generator σ of tame inertia, without any mention of inertial invariants. Theorem 6.1 will allow us to deduce in Section 7 that γ(ρ, X, ψ) interpolates.
Theorem 6.1. Let κ be a field of characteristic zero, and let ρ : W F → GL n (κ) be a semisimple smooth representation. Let σ be the image in ρ of a topological generator of tame inertia. If ρ is tamely ramified, then
Before embarking on the proof of Theorem 6.1 we will require some machinery. Given an extension E/F of fields, let N E/F denote the norm map E × → F × and given a character ξ of E × we treat ξ as a character of W E via local class field theory, and Ind E/F ξ will denote the representation of W F induced from the subgroup W E .
Definition 6.2. Let E/F be a finite tamely ramified extension and let ξ be a character of E × . The pair (E/F, ξ) is called admissible if it satisfies the following two conditions as K ranges over intermediate fields
(1) If ξ factors through the relative norm 
E are all distinct. Lemma 6.3. Suppose ρ is irreducible and tamely ramified of dimension d > 1 over a field of characteristic zero, thus having the form Ind E/F ξ for an admissible pair (E/F, ξ). Suppose σ is a topological generator of the tame inertia quotient I F /P F .
(1) E/F is unramified,
. . . Proof. We use Mackey's restriction formula
If ξ were nontrivial on the wild inertia subgroup P E , then ρ would be nontrivial on P F . Therefore, the character ξ| U 1 E is trivial. Since (E/F, ξ) is an admissible pair, E/F must be unramified. In this case, I E = I Proof of Thm 6.1. Since both sides of Equations (6.1) and (6.2) are multiplicative in direct sums, we can reduce from the semisimple case to the irreducible case.
Suppose ρ is irreducible, so that according to Lemma 6.3, there are three possible cases: ρ is an unramified character, ρ is a tamely ramified character, or dim ρ > 1 and ρ = Ind E/F ξ as in Lemma 6.3.
(1) If ρ is an unramified character, σ = 1. Therefore, det(1 + · · · + σ q−1 ) = q = q 
. . .
Since E/F is unramified of degree d, ξ(σ) must be a nontrivial q 
Proof of main theorem
In this section we prove Theorem 1.1. The two key results used to establish Theorem 1.1 in the complete local setting are Theorem 6.1 and Proposition 5.2.
Lemma 7.1. Let ρ be an ℓ-adic representation over κ. Let w be an element of the group ring κ[W F ], and consider ρ as a homomorphism κ[W F ] → M n (κ). Then det(ρ(w)) = det(ρ ss (w)) and Char(ρ(w)) = Char(ρ ss (w)).
Proof. Both det and Char are multiplicative in exact sequences.
Proof of Theorem 1.1. We say that ρ is totally wildly ramified if ρ PF = {0}, where P F is the wild inertia subgroup of I F . In the totally wildly ramified case, γ(ρ, X, ψ) = ǫ 0 (ρ, X, ψ), so the result follows immediately from [Yas09, Thm 5.3] and Proposition 3.2.
In general, by Corollary 2.3, ρ may be decomposed as a direct sum ρ 0 ⊕ ρ
>0
where ρ 0 is tamely ramified and ρ >0 is totally wildly ramified. Therefore, if we had a suitable interpolation of γ(ρ 0 , X, ψ), we could define γ(ρ, X, ψ) := γ(ρ 0 , X, ψ)γ(ρ >0 , X, ψ) = γ(ρ 0 , X, ψ)ǫ 0 (ρ >0 , X, ψ),
and it would satisfy the required properties. Therefore we assume ρ is tamely ramified. We now prove the theorem when (R, ρ) is of the form (R ν , ρ ν ). In particular R is reduced and ℓ-torsion free.
For any characteristic zero point x ∈ Spec(R), det(ρ x (1+· · ·+σ If (R, ρ) is arbitrary, then as in the proof of Proposition 5.2, ρ arises, Zariski locally on Spec R, by base change from some product of (R νi , ρ νi ), and we define γ R (ρ, X, ψ) to be the series obtained by gluing the appropriate base changes of i γ R ν i (ρ νi , X, ψ). The proof of uniqueness proceeds just as in the proof of Proposition 5.2.
